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Abstract
The aim of the paper is to investigate the dynamics of linkages between stock markets during the period including the late-
2000s financial crisis. We are interested in the patterns of the conditional dependence structure during distinct phases of 
the crisis, as well as in the pre- and post-crisis periods. The basic tool in the performed analysis is a 3-regime Markov-
switching copula model applied to pairs of the daily returns on selected representative stock indices. The model enables us 
to distinguish between regimes without extreme dependence, and ones with tail dependence which can be of asymmetric 
type. We are thus able to deeply examine the linkages between chosen stock markets, focusing on a comparison of the 
strength of the tail dependencies during the considered periods.
© 2012 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the 
Organising Committee of ICOAE 2012
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1. Introduction and motivations
In this paper, we investigate the patterns of linkages between the US stock market represented by the S&P
500 index, and stock markets of Europe and Asia represented by the stock indices FTSE, DAX, NIKKEI, and 
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HSI. The aim of our analysis is to reveal patterns of the dynamics of dependencies between the main stock 
markets during different phases of the late-2000s financial crisis, as well as in the pre- and post-crisis periods.
We focus on the changes in the dynamics of the conditional dependencies between the daily returns on the 
indices, which are caused by occurrence of periods of turmoil in financial markets, and can be modeled by 
means of Markov switching copula models with three regimes. The linkages are measured by dynamic 
Spearman’s rho and the upper and lower tail dependence coefficients. The analysis is performed for the period 
2002-2011, what gives us a possibility to investigate the nature of linkages during a significantly changing 
situation in financial markets.
It seems to be common to expect that  due to the globalization process the web of linkages between main 
stock markets became stronger. All the markets react to significant information immediately and the only 
differences are those caused by different trading hours. It gives an impression that the markets systematically 
co-move. However, the question about a statistical verification of this observations is still open (Bailey and 
Choi, 2003 and references therein; Chollete, Heinen and Valdesogo, 2009; Garcia and Tsafack, 2011). Also 
the interaction between volatility and dependence causes many troubles, especially when one attempts to 
confirm the belief about the increasing strength of linkages in periods of high volatility (Forbes and Rigobon, 
2002).
The notion of financial markets co-movement is very widely discussed in literature (Karolyi and Stulz, 
1996; Forbes and Rigobon, 2002). In this paper, we attempt to obtain a new look on the idea of co-movement 
by quantifying the dependence using copula-based measures: Spearman’s rho and the upper and lower tail 
dependence coefficients. This approach allows to analyze the dependence structure separately from the 
marginal distributions of the returns. Before the analysis, basing on the literature and our earlier results, we 
expected that during crisis periods the level of dependence measured by Spearman’s rho should increase. The
next expectations concerned the tail dependence. Usually people believe that during crisis periods the lower 
tail dependence is stronger than the upper one. This belief is commonly justified by the observation that stock
markets’ reaction on falls is stronger than the reaction on increases. Our earlier results (Doman and Doman, 
2010) show that this is not necessarily true. The main goal of the present analysis is, however, connected with 
the third conjecture. We expected that the coefficients of tail dependence should be bigger during turmoil 
periods and that analyzing the period 2002-2011 it would be possible to determine the acute and creeping 
phases of the crisis by observing the dynamics of the coefficients. During the years 2007-2011 the periods of 
paroxysm of crisis alternated with the periods of calm mainly due to the regulators and governments activity. 
It gave us a hope that we could capture visible phases of the crisis and hidden ones.
The model we applied to describe the dynamics of dependencies between the considered stock indices 
returns  is a 3-regime Markov-switching copula model. In distinct regimes the copula specifications can differ.
The applied copulas are chosen in a way that ensures the possibility to describe different patterns of the tail 
dependence (no-dependence, dependence in lower tail, dependence in both tails). It corresponds to our 
conviction that during a creeping phase of the crisis only the lower tail dependence is observed, while during 
an acute phase the markets are swinging what results in the dependence in the both tails.
Generally, the situation seems to be more complicated than we expected, but some of our conjectures have 
become confirmed. Moreover, the applied approach allowed us to achieve a more flexible description of the 
dynamics of the dependencies and obtain deeper results, in comparison with our previous paper (Doman and 
Doman, 2010).
2. Methodology and models  
The problem of properly modeling the conditional dependence between financial returns can be solved 
relatively easily by assuming a Gaussian or, more generally, elliptical behavior for the multivariate 
conditional distribution with some covariance or correlation matrix. In such a case, parametric multivariate 
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GARCH models (see e.g. Bauwens, Laurent and Rombouts, 2006) provide appropriate and useful tools. There 
are, however, many reasons, for instance, asymmetries in the tails of the conditional distributions of financial 
returns, for which the assumption about ellipticity seems to be out of place. A solution is then to use copulas. 
Let X be a k-dimensional  random vector with joint distribution F and marginal distributions iF ,
ki ,,1 . If the functions iF are continuous, then by a theorem by Sklar (1959) there exists a unique 
function C such that the following decomposition holds:
))(,),((),,( 111 kkk xFxFCxxF   .                                                                                                       (1)
In the above situation the function C is given by the formula
))(,),((),,( 111 kkk uFuFFuuC
mm  ,                                                                                                 (2)
where })(:inf{)( iiiiii uxFxuF t 
m for ]1,0[iu . It follows from (2) that the function C can be seen as a 
multivariate distribution with the one-dimensional marginal distributions being uniform on the unit interval. 
On the other hand, since the marginals and the dependence structure in (2) are separated, it makes sense to 
interpret C as the dependence structure of the vector X. The function C is called the copula of X (or F).
In this paper, we deal only with bivariate copulas, though many of the considered issues  can be easily 
extended to the general multivariate case (Nelsen 2006, Joe 1997). A well known example of a copula is the 
Gaussian copula defined as
)(),((),( 2
1
1
1
21 uuuuC
Gauss  ))) UU ,                                                                                                    (3)          
where U) denotes the distribution of a standard 2-dimensional normal vector with the linear correlation 
coefficient U , and ) stands for the standard normal distribution function. In the empirical part of this paper 
we use also the Joe-Clayton copula. It is defined by the following formula:
  NJJNJNJN /1/12121, )1])1(1[])1(1([11),(   uuuuC ClaytonJoe ,                                        (4)          
where 1tN , and 0!J . A particular case of the Joe-Clayton copula, corresponding to the restriction 1 N , is 
called the Clayton copula, and will be denoted here by ClaytonCJ .
It is well documented (McNeil, Frey and Embrechts 2005) that for non-elliptical distributions the linear 
correlation coefficient is inappropriate measure of dependence, and often can be misleading. In that case, 
other  measures of dependence, based on the notion of  concordance provide better alternatives. An example 
of such measures is Spearman’s rho. Since it plays a significant role in our investigation, we recall a suitable 
definition. If ),( 21 XX is a random vector with marginal distribution functions 1F and 2F , then Spearman’s 
rho for ),( 21 XX can be defined as
))(),((),( 221121 XFXFXXS UU                                                                                                        (5)
where U denotes the usual Pearson correlation. For continuous marginal distributions, Spearman’s rho, 
),( 21 XXSU , depends only on the copula C linking 1X and 2X , and, in particular, it is given by the formula
3),(12),(
2]1,0[21
  ³³ dudvvuCXX CS UU .                                                                                        (6)
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A very important concept connected with copula, relevant to dependence in extreme values, is tail 
dependence. If 1X and 2X are random variables with distribution functions 1F and 2F , then the coefficients
of upper tail dependence, UO , and lower tail dependence, LO , are defined as follows
))(|)((lim 111
1
221
qFXqFXP
qU

o
!! O , ))(|)((lim 111
1
220
qFXqFXP
qL

o
dd O (7)           
provided that the limits exist. Upper (lower) tail dependence quantifies the likelihood to observe a large (low) 
value of 2X given a large (low) value of 1X . The coefficients of tail dependence depend only on the copula C
of 1X and 2X :
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 O                                                                         (8)            
where )1,1(1),(ˆ vuCvuvuC  . For the Gaussian copula it holds that 0  LU OO , while for the Joe-
Clayton copula, NO /122  U and 
JO /12 L for 0!J (Patton 2006). Thus both upper and lower tail 
dependence can be nonzero, and, moreover, they can change freely of each other.
The standard definition of copula has been extended by Patton (2004) to the conditional case. The only 
complication involved is that the conditioning set must be the same for both marginal distributions and the 
copula. Let ),( ,2,1 ttt rrr  is a bivariate vector of financial returns. In this paper we consider the following 
general dynamic conditional copula model
)(~| ,11,1 :  ttt Fr , )(~| ,21,2 :  ttt Fr , )|)(),((~| 1,2,11  :: tttttt FFCr ,                                        (9)           
where the set t: includes the up to time t information on the returns on both considered financial assets, and 
tC is the conditional copula linking the marginal conditional distributions. Further, we assume that  
ttt yr  P , )|( 1: ttt rEP ,                                                                                                          (10)
tititiy ,,, HV , )|var( 1,2, : ttiti rV , ),,1,0(_~, iiti tSkewIID K[H                                               (11)           
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2
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2
,   tiitiiiti y VEDZV ,                                                      (12)           
where ),,1,0(_ K[tSkew denotes the standardized skewed Student t distribution with 2!K degrees of 
freedom, and skewness coefficient 0![ (Lambert and Laurent, 2002). Thus to the marginal return series tir , ,
2,1 i , we fit AR-GARCH models with  skewed Student’s t distributions for the 1-dimensional innovations. 
In modeling the joint conditional distribution, the evolution of the conditional copula tC has to be 
specified. Usually (Patton 2004, 2006), the functional form of the conditional copula is fixed, but its 
parameters evolve through time. In this paper, however, we assume that there are three regimes where a fixed 
copula prevails, and they switch according to some Markov process. Thus the joint conditional distribution of 
the vector ),( ,2,1 ttt rrr  in the applied Markov-switching copula model (MSC model) has the following form
)|)(),((~| 1,2,11  :: tttStt FFCr t                                                                                                         (13)
where tS is a homogeneous Markov chain with state space }3,2,1{ . Hence, the parameters of the MSC model 
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are the parameters of the univariate models for the marginal distributions (GARCH(1,1) with the standardized 
skewed  Student’s t distributions for the innovations), the parameters of the copulas 1C , 2C and 3C , and the 
transition probabilities,  iSjSPp ttij    1| , )}2,3(),1,2(),2,1(),3,3(),2,2(),1,1{(),( ji .                                              
The parameters of the MSC model are estimated by the maximum likelihood method. The main by-product 
when estimating the MSC model are the conditional probabilities )|( 1: tt jSP and )|( tt jSP : ,
32,,1 j . They are calculated by means of Hamilton’s filter (Hamilton, 1994):
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)( ,2,2,2 ttt rFu  , and  ),|( 1:  ttj jSc is the density of the conditional copula coupling the conditional 
marginal distributions in regime j , 32,,1 j . The maximized log-likelihood function has of the form
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where tf ,1 and tf ,2 are the density functions corresponding to tF ,1 and tF ,2 , fitted using the AR-GARCH 
models.
Presenting our empirical results, we will also use the so-called smoothed probabilities which can be 
obtained from the predicted and filtered  probabilities by using the backward recursion:
,
)|(
)|(
)|()|(
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1¦
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: 
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jSPjSP 1,,1 Tt .                                          (17)
The models are estimated by the two-step maximum likelihood method. First we fit univariate GARCH 
models to the return data. Since the period under scrutiny is very long, these are usually asymmetric GARCH 
models. The obtained standardized residuals are transformed to uniform variates, using the theoretical 
cumulative distribution  function. After that copula models are fitted and estimates of dynamic Spearman’s 
rho and the lower and upper tail coefficients are calculated. 
3. The data  
Our data set consists of daily closing values of five stock indices from the period January 3, 2002 to 
November 17, 2011. The investigated indices are: the S&P 500, the DAX, the FTSE100, the Hong Kong 
index HSI, and the Japanese NIKKEI 225.The presented analysis is based on the percentage logarithmic daily 
returns .
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The means of the return series are close to 0 and the standard deviations are about 1.5. The returns of the 
S&P 500, FTSE and NIKKEI show strong negative asymmetry, which is not observed in the DAX and HSI 
data. The value of the return kurtosis is about 11 for all the indices apart from  the DAX (about 8). 
The problem of incompatible trading hours is solved in the following way. Before estimating the copula 
models, the strength of linkages was introductory tested, and the presented estimation results describe 
dependencies between the returns corresponding to the strongest unconditional correlations. This means that 
in the case of the S&P 500, DAX and FTSE we model the dependencies between returns on the same day, and 
for the pairs (S&P 500, NIKKEI) and (S&P 500, HSI) there is a one day lag.
4. Results  
The results obtained by means of the applied approach and presented in Tables 1- 4 and Figures 1- 8 are 
rather surprising. Table 1 and Figures 1-2 show the description of  linkages between the S&P 500 and DAX.
The three regimes are clearly separated. The dependence in  regimes 1 and 2 is governed by the Gaussian
copula but the correlation coefficient in regime 2 is much greater. In regime 3, the tail dependencies are 
observed. An interesting observation is that despite the expectations the dependence in upper tails during 
crisis periods is stronger than in lower tails. The first visible turmoil period with prevailing regime 3 
corresponds to the Iraq crisis. After a stable period with no tail dependence, the alternating periods of calm 
and turmoil in financial markets are reflected in the dynamics of dependencies as a switching between regime 
2 (with high correlation, high Spearman’s rho but no tail dependence) and regime 3 corresponding to an acute 
crisis (high Spearman’s rho and significant tail dependence). The events triggering off regime 3 are, among 
others, the bankruptcy of Lehman Brothers in mid September 2008, the Greek government debt crisis of late 
2009, and the beginning of the European sovereign debt crisis (Greece, Italy, Spain, Portugal).
The dynamics of dependence between the S&P 500 and FTSE is different. We can see in Figures 3-4 that 
until mid-2009, regime 1 with the Gaussian copula was in power. Beginning from mid-2009, tail 
dependencies appear. These results show that the U.S. subprime crisis did not influence the structure of 
dependencies between the American and British stock markets. The changes in the dynamics appear only after
the occurrence of the European sovereign debt crisis. It is worth to notice that there exist a very short period 
of regime 2 being in power, characterized  by the appearance of lower tail dependence and the absence of 
upper tail dependence.
Table 1. S&P 500-DAX. Parameter estimates of the MSC model 
S&P-DAX Regime 1 Regime 2 Regime 3
Copula GaussCU
GaussCU
ClaytonJoe
țȖC

Copula parameters
U 0.5034
(0.0244)
0.7591
(0.0221)
N 1.6871
(0.1046)
J 0.7697
(0.1158)
Transition probabilities
Regime 1 0.9967 0.0000 0.0033
Regime 2 0.0000 0.9805 0.0195
Regime 3 0.0034 0.0170 0.9796
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Fig. 1. S&P 500-DAX. Smoothed probabilities of the regimes
Fig. 2. S&P 500-DAX. Estimates of Spearman’s rho and the tail dependence coefficients
Table 2. S&P 500-FTSE. Parameter estimates of the MSC model
S&P-FTSE Regime 1 Regime 2 Regime 3
Copula
GaussCU
Clayton
JC
ClaytonJoe
,

JNC
Copula parameters
U 0.5059
(0.0194)
N 2.0886
(0.2257)
J 1.7069
(0.4219)
0.7590
(0.1378)
Transition probabilities
Regime 1 0.9995 0.0005 0.0000
Regime 2 0.0002 0.9330 0.0668
Regime 3 0.0008 0.0158 0.9834
Fig. 3. S&P 500-FTSE. Smoothed probabilities of the regimes
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Fig. 4. S&P 500-FTSE. Estimates of Spearman’s rho and the tail dependence coefficients
Fig. 5. S&P 500-NIKKEI. Smoothed  probabilities of the regimes
Table 3. S&P 500-NIKKEI. Parameter estimates of the MSC model
S&P-NIKKEI Regime 1 Regime 2 Regime 3
Copula
GaussCU
Clayton
JC
ClaytonJoe
,

JNC
Copula parameters
U 0.3953
(0.0396)
N 1.4503
(0.1488)
J 1.1701
(0.2474)
0.9852
(0.2841)
Transition probabilities
Regime 1 0.9701 0.0038 0.0261
Regime 2 0.0000 0.9706 0.0294
Regime 3 0.0718 0.0000 0.9282
The pattern of linkages  between the S&P 500 and NIKKEI is stable during all the considered period. Thus 
in the applied framework, we do not notice the impact of the subprime crisis on the nature and strength of 
linkages between the USA and Japanese stock markets. However, there exist two short periods of a significant 
increase in lower tail dependence in the period 2008-2009. The dynamics of Spearman’s rho does not indicate 
any visible change corresponding to that. The pair (S&P 500, NIKKEI) is the only case in our analysis where 
the lower tail dependence is stronger than the upper one. 
The Hong Kong HSI index was included into our analysis in order to get some information about the 
relations between the U.S. and Chinese markets. In this case the three regimes are clearly separated.  The two 
interesting things are: lowering the strength of the dependencies during the U.S. subprime crisis and the 
appearance of tail dependence only in the last period.
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Fig. 6. S&P 500-NIKKEI. Estimates of Spearman’s rho and the tail dependence coefficients 
Table 4. S&P 500-HSI. Parameter estimates of the MSC model
S&P-HSI Regime 1 Regime 2 Regime 3
Copula
GaussCU
GaussCU
ClaytonJoe
,

JNC
Copula parameters
U 0.4006
(0.0318)
0.1776
(0.0519)
N 1.2377
(0.0586)
J 0.2235
(0.0682)
Transition probabilities
Regime 1 0.9992 0.0008 0.0000
Regime 2 0.0000 0.9977 0.0023
Regime 3 0.0008 0.0000 0.9992
Fig. 7. S&P 500-HSI. Smoothed probabilities of the regimes
Fig. 8. S&P5 00-HSI. Estimates of Spearman’s rho and the tail dependence coefficients
0 
0,2 
0,4 
0,6 
0,8 
01/04/2002 11/01/2002 09/05/2003 07/14/2004 05/20/2005 03/17/2006 01/18/2007 11/14/2007 09/17/2008 07/27/2009 06/03/2010 04/04/2011 
lambda_L lambda_U Spearman's rho 
0 
0,2 
0,4 
0,6 
0,8 
1 
1,2 
01/03/2002 11/01/2002 09/02/2003 07/02/2004 04/29/2005 02/27/2006 12/21/2006 10/25/2007 08/27/2008 06/29/2009 04/23/2010 02/16/2011 
R1 R2 R3 
0 
0,2 
0,4 
0,6 
0,8 
01/03/2002 11/01/2002 09/02/2003 07/02/2004 04/29/2005 02/27/2006 12/21/2006 10/25/2007 08/27/2008 06/29/2009 04/23/2010 02/16/2011 
lambda_L lambda_U Spearman's rho 
117 Malgorzata Doman and Ryszard Doman /  Procedia Economics and Finance  1 ( 2012 )  108 – 117 
5. Conclusions  
The aim of our analysis was to investigate the patterns of linkages between the U.S. stock market 
represented by the S&P500 index, and stock markets of Europe and Asia represented by the stock indices 
FTSE, DAX, NIKKEI, and HSI, taking into account possible changes caused by the occurrence of crisis
periods. The whole considered period is from 2002 to 2011. The application of a very flexible 3-regime 
Markov-switching copula model allowed us to get a deeper insight into the dynamics of dependencies 
between the major stock markets. Our main findings are as follows. The pattern of the conditional 
dependencies between the S&P 500 and DAX indices is significantly different from the one between the S&P 
500 and FTSE. The first is more sensitive to the situation in global market – usually during each turmoil the 
tail dependence appears. The nature of linkages in the second case changed only in 2009 and then the type of 
copula changed from the Gaussian to the Joe-Clayton. The pattern of linkages between the S&P 500 and 
NIKKEI remained stable during almost all the considered period. Three alternating different regimes are 
observed in the conditional dependencies between the S&P 500 and HSI. The general observation is that 
despite the common opinion the upper tail dependence is usually stronger than the lower tail dependence. 
Moreover, the increases and decreases in the values of Spearman’s rho and the tail dependence coefficients do
not necessarily correspond to each other. This supports the importance of considering jointly the both types of 
dependence measures.
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